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1. Two straight lines are said to be isogonal conjugate with 
respect to an angle when they form equal angles with the 
bisector of the angle. Let the point of intersection of three 
straight lineS; each drawn from an angular point of a triangle, 
be O, then their isogonal conjugates will also intersect in one 
point, say 0', which is called the isogonal conjugate point to 
the point 0, with respect to the three angles of the triangle. 
The isogonal conjugate points to all points on a straight line 
with respect tx) a triangle will form a curve which is said to be 
isogonal conjugate to the straight line with respect to the tri- 
angle. If all the points on a straight line LL\ Fig. 1, are 
joined with the angular points B, and (7, of the triangle ABCy 
then we get two projective flat pencils which are also perspec- 
tive to one another, since the intersection of the corresponding 
rays are coUinear. The isogonal conjugate points to all points 
on hL\ if joined to 5 and (7, will form two projective flat 
pencils. The intersections of two corresponding rays are in 
general not on the same straight line, and are therefore not 
perspective; and their locus is a conic section, as is known 
from the fundamental laws of projective geometry. 

2. The conic isogonal conjugate to a straight line with 
respect to a triangle will pass through the angular points of 
the triangle. It will pass through B and (7, Fig. 1, since they 
are in our case the vertices of the flat pencils. For, let the 
point of intersection of the given line LV with the side BC be 

1 



2 ISOGONAL CURVES. 

P^y then BA is isogonal conjugate to BP^ ; and CA is isogonal 
conjugate to GP.. The point of intersection of BA and CA is 
the isogonal conjugate point to the point of intersection of BP^ 
and CP^ ; or, A is the point isogonal conjugate to P^ and the 
conic will, therefore, pass through A. Taking A and C7, or A 
and B, as the vertices of the fiat pencils, we have B the isogonal 
conjugate point to Pj, and C the isogonal conjugate point to 
P^ ; and the conic passes also through B and C 

3. The character of the conic isogonal conjugate to the line 
LL^ with respect to the triangle ABC depends upon the posi- 
tion of the line with respect to the circumcircle of the triangle 
ABC. We know that the point isogonal conjugate to a point 
on the circumcircle of the triangle is a point at infinity. In 
order to find the isogonal conjugate point to P on the circum- 
circle of ABC, we have to find the intersection of the lines 
isogonal conjugate to PA, PB, PC (Fig. 2), which are AA\ 
BB', and CC. 

If AA' is isogonal conjugate to AP, then angle BAA' equals 
angle PAG (= x). Let the isogonal conjugate to BP be BB'-, 
then angle PBA equals angle CBB'. Since angle CBP = x, 
therefore angle PBA equals angle CBB' = /8 — «, denoting the 
whole angle B by fi. It follows, therefore, that angle B'BA 
equals x, and BB' is parallel to AA'. In the same way it may 
be shown that CC is parallel to BB'. Thus, AA', BB', and 
CC are all parallel to each other, and the isogonal conjugate 
point to P, at their intersection, is therefore at infinity. 

4. If the line LL', Fig. 1, does not cut the circumcircle of 
the triangle, then the conic isogonal conjugate to this line with 
respect to the triangle has no point at infinity, and the conic 
will be an ellipse. If the line intersects the circle about the 
triangle, the conic isogonal conjugate to the line will have two 
points at infinity, and will, therefore, be an hyperbola. If the 
line touches the circumcircle of the triangle, then the conic will 
have one point at infinity, and will, therefore, be a parabola. 
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5. The conic isogonal conjugate to a line which cuts the 
circumcircle of a triangle is, witK respect to this triangle, an 
hyperbola, which is called Kiepert's Hyperbola. 

If the straight line cuts the circumcircle in P and Q, Fig. 3, 
then will the line AP, isogonal conjugate to AP, determine 
the direction of the point at infinity, i.e. the direction of one of 
the asymptotes of the hyperbola. The line AQ\ igogonal con- 
jugate to AQ, wiU determine the direction of the second asymp- 
tote. (The asymptotes will be parallel to these directions.) 
AP and AQ form the same angle as their isogonal conjugates. 
Since angle BAP equals angle P'AC, and angle QAC equals 
angle BAQ', therefore 7(.BAP -^r^CAB -J^-'^QAC equals ^PAC 
-f ^CAB -h ^BAQ', or angle QAP equals angle P'AQ\ Since 
the asymptotes of the hyperbola isogonal conjugate to PQ with 
respect to the triangle ABC are parallel to AP and AQ*, there- 
fore the angle between the asymptotes of the hyperbola will 
be equal to the angle between AP and AQ, If the line PQ 
passes through the centre of the circle, then will the angle 
formed by AP and AQ be a right angle ; the asymptotes of 
the hyperbola will be parallel to these lines, hence perpendicu- 
lar to each other ; and the hyperbola will be equilateral. 

6l We shall now examine the hyperbola isogonal conjugate 
to Brocard's Diameter (produced). Brocard's diameter is the 
line joining the centre of the circumcircle and Grebe's point of 
the triangle. Grebe's point has the property that its distances 
from the sides of the triangle are to each other as the respec- 
tive sides ; and the sum of the squares of these is, for the tri- 
angle, a minimum. As Brocard's diameter passes through the 
centre of the circumcircle, the conic isogonal conjugate to it is 
an equilateral hyperbola. We shall locate points with respect 
to the triangle isogonal conjugate to points on Brocard's diame- 
ter. All these points will be on the equilateral hyperbola. 

Let the points of intersection of Brocard's diameter and the 
three sides of the triangle be P„ Pj, and P^; then, as was 
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shown (2), A, B, and C are points isogonal conjugate to P^ 
Pj,, and P^, respectively, ji, B, and C ai'e, therefore, on the 
equilateral hyperbola. The median point E is isogonal conju- 
gate to Grebe's point K, which is one extremity of Brocard's 
diameter ; E is therefore also a point on the equilateral hyper- 
bola isogonal conjugate to Brocard's diameter with respect to 
the triangle. 

From the similar triangles ABH^ and AUC, Fig. 4, it follows 
that AH^ is isogonal conjugate to AU, Similarly it can be 
shown that the altitude from B is isogonal conjugate to the 
diameter through B ; and the altitude from C is isogonal con- 
jugate to the diameter through C The orthocentre, H, there- 
fore, is isogonal conjugate to M, the centre of the circumcircle 
of the triangle. And since M is on Brocard's diameter, there- 
fore is H on the equilateral hyperbola. 

7. If Ai, Biy and Ci are the angular points of Brocard's tri- 
angle, then the lines AAi, BBi, and CCi are concurrent. Let 
the point of concurrency be Z> (Fig. 6). This may be proved 
as follows : — 

Let (Fig. 5, Plate 2) M„, Mj,, M^ be the middle points of the 
sides BC, AC, AB of the triangle ABC. Let the tangent 
drawn at C to the circumcircle of the triangle meet the symme- 
dian line (isogonal conjugate to the median line) through A 
at the point K\ — we know that the tangent to the circum- 
circle at B will meet the symmedian line through A also in 
7i' — then K^M^ is perpendicular to BC. But since AiM^is 
also perpendicular to BC {A^ is an angidar point of Brocard's 
triangle), therefore A^, M^, and K^ are collinear. It is known 
that C\ICK, AB\ is an harmonic pencil, and \K'K, AB] is an 
harmonic range. If M^ be taken as a vertex of the harmonic 
pencil, then M^\KK\ AB\ is also an harmonic pencil; and as 
yl|7r is parallel to M^B, therefore its harmonic conjugate will 
bisect AiK, or AM^ bisects- A^K. In the same way it may be 
proved that BMj, bisects BiK, and CM^ bisects CJC Let the 
point of intersection of AA^ and BC be A^^ ; then since AM^ 
bisects AiK in the triangle AK^A^^, therefore AM^ will also 
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bisect Ka-^u} or A^C equals /t,J5. Therefore AA^^ and AK^ 
are isotomie conjugate lines. If the intersection of BBi and 
AC be A»i and of CCi and AB be Cu, then jBB,j and ^ifj 
are isotomie conjugates, as are also CCi^ and CK^ Kow since 
AK^ BKi, and CiTg are concurrent (at iT), therefore their 
isotomie conjugates AAi^y BB^, CCu are also concurrent, the 
point of concurrency being D, 

8. Let (Fig. 6, Plate 1) Jf., 3fj, ^e be the middle points of 
the three sides BC, AC, AB of the triangle ABC; and Jif^ 
JlTj, M^^ be the middle points of the sides ^iCi, AiCi, AiBi of 
Brocard's triangle; then will S, the point of intersection of 
M^^f^ M^M^^y and M^W^ be isogonal conjugate to S\ the point 
of intersection of AW^ -S3f », and CM^^ In order to prove this 
It will be necessary to give a few properties of the triangle. 

9. If AyM^ (Fig. 6), which is perpendicular to BC (7), 
be produced below BC, so that A^^ is equal to A^M^, then 
AC^A^B^ is a parallelogram. 

We have :^ C^BA^ = ^ CiBC + ^ CBA^ ; 

but since :^ CBA^ = ^ ^BC = 8 (Brocard's angle), 

therefore :^ CJBA^ = ^ CiJBC + ^ A{BC. 

But :§(: AJ5(7 = ^ Ci-B^ = 8, 

hence ^ C^BA^ = ^ C^BC + ^ 0,5^ = ^ )8. 

The triangle A^M^ is similar to triangle C^BM^ (since they 
are right triangles having ^ AiBC equal to Ci-B-4 = Brocard's 
angle). 

Therefore AiB : C^B = BM^ : BM^ 

_a c 

= a: c. 
But AiB = ^4«B, 

whence -4»B : CiB =a:c\ 

and since the included angle between A^B and Afi equals the 
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angle included between a and c, therefore triangle BCiA^ is 
similar to the triangle ABC. In the same way it may be 
proved that triangle BiCA^ is also similar to the triangle ABC, 
or triangle CyBA^ is similar to triangle BjCAf, But since 
AsB equals A^C, therefore the last-mentioned triangles are not 
only similar, but equal, and consequently B1A2 equals <7iB. 
But also CiB equals CiA, hence BiA^ equals CiA, and CiA^ 
equals BjC, equals BiA ; or the figure AC1A2B1 is a parallelo- 
gram. 

10. The triangle ABC and its Brocard triangle have the 
same median point, E, Since AC1A2B1 (Fig. 6) is a parallelo- 
gram, the diagonals AA2 and B^Ci bisect each other at the 
point M'^, AiM'g, is a median line in the triaiigle AiBiCi, as 
well as in the triangle AA1A2. A second median line in the 
triangle AA1A2 is AM^ (since AiM^ = AfM^) ; we have, there- 
fore, that ^1^ equals 2^^¥'„, and AE equals 2 EM,, But 
AJ^f, is also a median line in the triangle ABC, and therefore 
E is the median point in AiBjCi, as well as in ABC. By means 
of these last two properties, we may proceed to prove that 
M^M^^y Mf,M\, and M^f'^ are concurrent. 

Since E is the common median point of the triangles ABC 
and AiBiCiy therefore, 

AE : EM^ = 2 : 1 = ^1 J^ : EM '^ 

or 8M\ is parallel to Adj, as the triangles M,EM\ and AEAi 
are similar, and therefore angle M'^M^E equals angle A^AM,. 
In the same manner we may show Mj,M\ parallel to BB^ and 
MJd\ parallel to CC^ ; and since triangle ABC is similar to 
triangle A^B^C^, therefore triangle MJdj,M^ is similar to trian- 
gle M\M\M\. Triangle A^B^Cx evidently has the same rela- 
tive position with respect to ABC as triangle M^,M\M\ has 
with respect to MJd^M^. Therefore, since AAi, BBi, CCi, in- 
tersect in one point, D, their parallels, M^M',, M^M\, M^M'^, 
will intersect in one point. This point, which is the centre of 
perspective of the triangles M^M^M^ and M^,M\M\, may be 
denoted by 8. 
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11. The triangles ABC and M^M^M^ are perspective, the 
centre of perspective being "E. The line joining the two per- 
spective points, D and 8^ with respect to the triangles ABC 
and M^Mj,M^ must pass through the centre of perspective, E. 
Therefore S, Ey and D are collinear, and DE : ES = 2:1. 

12. The lines AM'^y BM\, CM\ are concurrent, the point of 
concurrency being S\ which is isogonal conjugate to S (10) 
(Fig. 6). O, O', jBj, and Cy are coney clic, therefore the lines 
00* and BiCx are antiparallel with respect to A. Triangles 
AOO* and AB^Ci are, therefore, similar. Since AS is a median 
line in the triangle A00\ and AM*^ is a median line in the 
triangle ABiCi, therefore the lines AS and -4Jf' , are isogonal 
conjugate lines. Similarly, BS and BM\ are isogonal conjugate, 
as are also CS and C3f V But AS, BS, and CS are concur- 
rent, hence their isogonal conjugates AM'^, BM\, and CM*^ are 
concurrent, and the point of concurrency is S*, Therefore S* 
is the isogonal conjugate point to S, which is on Brocard's 
diameter, and S* is a point on the equilateral hyperbola. 

13. S is the middle point of 00*. In order to prove this 
important property, we will first find the distances of O and O' 
from the vertices, and of O, O', and D from the sides of the 
triangle ABC 

14. If KK^ (Fig. 7), KKj,, and KK^ represent the distances 
of K from the three sides of the triangle, then 

^■^' =■ a' + &» + c^ ^^' = a» + 6» + «^ ^^' = a' + 6» + c^ 

where A represents the area of the triangle. We have CiM^ 
equal to KK^, since ^Ci is parallel to AB, and CiJIf, and KK^ 
are each perpendicular to AB (7). We easily obtain 



ACx=^J^+KK. 



c 



a» 4- 6» -f c« 



Va'6« 4- aV + W. 
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CiM, 2 A 



Whence, also, ^ ^ — . — 

Let G (Fig. 7) be the foot of the perpendicular from B to 
AOf then in the similar right triangles ACiM^ and ABG 
(^CiAM, = :^BAG = S) 

BG^CyM,_ 2A 

BA" CiA ~ VcWT^??^^W 

whence BG = 



Angle JJO^ equals 180 — ^, and J50(? = P, where /J is angle 
ABC of the triangle ABC. The triangles -BOG^ and BAH^ 
are similar, and 

or BO = BG'^= ^ 



A similar consideration gives 

CO' = ^^' 



Again, 50(7 and AO'C are similar triangles, 

^0' b 



therefore 



BO a 



and AO' = BO'-= ^^ 



« Va^^'-^ + a'c^ + ^V 



15. Let 00a, OOj,, 00^ O'O',, 0'0\, O'O'^y be the distances 
of O and O' from the sides of the triangle ABC. 
Triangle BOOa is similar to triangle AC^M^ hence 

QOg^fiJIfe^ 2A 

BO C,A Va«6» + aV4-6V' 
2ac*.A 



therefore 00^ = 



a^ft* 4- aV + 6 V 
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Sunilarly, 00. = ^,^^^"^^^^^ 
and 00.= 26'c.A 



Again, triangle CO'O', is similar to triangle ACiM„ whence 

Q'O'. ^ C,Jtf. ^ 2 A 

CO' C^A V a»6» + aV + V^ 

Similarly, O'O^ = ^^.^^^A-, 



a*6» + aV 4- ft V 



16. Let X be the middle point of 00\ then will its distance 
XX^ from JBC be 

2 2[aW + aV + &«c*] 

Let ^i-4ij and AiAi^ be the distances of Ai from the sides -40 
and AB of the triangle ABC', then ^i-^uG and COO, are 
similar triangles. Therefoie, 

AiAit» __ AiC / V 

00. 00 ' ^ ^ 

Triangles AyMJJ and OOjO are similar, 
whence -^^ = — • (fl) 

Multiplying (a) and ()5), we obtain, after reduction, 

qO^^AyA^^&^ 
00, A^M^ ab' 

or ^1^ = -^. (1) 
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In a similar manner we may have, 

AiM^ abc 
whence 4^ = ?- 



(2) 



Let DD^ DDhi -0A> b® the distances of Z> from the respec- 
tive sides of the triangle; then from the similar triangles 
DADj, and AiAAj^, and DAD^ and AiAAi^, we have 

AiAi^ AAi AiAic jiAi 
and by combining these equalities we get 



DDj^^A^^i? 
DD. A^Au 6*' 

Similarly, DDj, ^ tv" 

DP, ^ a» 



(1) 



(2) 



(3) 



Now, a.Z>i)« + b.DD^ + cDA = 2 A. 

If we find from (1), (2), (3) values for DD^ and DD, in 
terms of DD^, we may put 

DB ^ 2 y c» . A 

• alaV + aV -f- V(^' 

Likewise, jjjy __ 2 a V » A 



The distances of E from the sides of the triangles are 

oa oo oc 
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Since DE = 2SE (Fig. 7), therefore, 
EE, - DD. = 2 {S8, - EE:), 
or SS, = i(SEE,-DD;)', 

But this was the value found for the length of XX^ ; hence 
X and S coincide, and Xot 8v& the middle point of 00^. 

The point E is also the centre of gravity or median point of 
the triangle D00\ 

17. The point D is isogonal conjugate to D\ which is the 
pole of the line joining the two Brocard points, with respect to 
Brocard's circle. (Fig. 8.) 

Let G (Fig. 8) be the fourth point of the harmonic range of 
which the other three are: one angular point of Brocard's 
triangle, the middle point of the side opposite this angle, and 
the median point of the triangle. Then \AiM^^^ EG\ shall 
represent the harmonic range, and A\AiM^^ E0\ is an har- 
monic pencil. 

We have (10), A^E : EM', = EG : A^E, 

or 2 il = EG I A^E. 

But by Euler's proposition we have 

2:1 = Eff: EM. 

{H is the orthocentre, and M is circumcentre of the triangle 
ABC). 

Wherefore, EG : A^E = EH : EM, 

and hence GH is parallel to A^M. 

But as AH is i)erpendicular to BC, therefore will GH also 
be perpendicular to BC, and the point G is on the altitude 
from A to BC. AG and -4fi' coincide, and since A\AiM',j EG\ 
is an harmonic pencil, therefore A\AiM\,EH\ will be an 
harmonic pencil. Now, since the isogonal conjugate lines cor- 
responding to the rays of this pencil form like angles with 
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each other, the pencil formed by these isogonal conjugates will 
have the same cross-ratio, and will therefore be harmonica!. 
Taking, then, for AM'„, AE, and AH, their isogonal conjugates 
AS, AK, AM respectively, and letting the isogonal conjugate 
to AD be AD', then A\AiS, KD'\ is an haiinonic pencil, cut- 
ting Brocard's diameter in the harmonic range \MS, -ffX{. 
In the same way it may be shown that BIMS, KX\ and 
C\MS, KX] are harmonic pencils. It follows at once that 
X coincides with 2)', and is on Brocard's diameter. 

Furthermore, MK is perpendicular to and bisects 00' at the 
point S, and D' is the hai'monic conjugate to S with respect to 
M and if; hence, from the relations of poles and polars, it is 
evident that D' is the pole of 00' with respect to Brocard's 
circle. 

DH is parallel to MD'. 

For, DEiES =2:1, 

and by Euler's proposition, 

HE:EM=2\1, 

Therefore, DEiES = HE : EM, 

or DE:HE = ES: EM, 

and, since the angles included by these lines are vertical, it 
follows that HD is parallel to SM. But SM and D'M ai-e on 
the same straight line ; therefore HD is parallel to D'M. 

18w Tarry's point, N (Fig. 15, Plate 2), is isogonal conjugate 
to the point at infinity on Brocard's diameter. N is the point 
of intersection of the perpendiculars let fall from the angular 
points of the triangle ABC to the sides BiCj, AiCi, and AiBi of 
Brocard's triangle. It is easy to see that N is on the circum- 
ference of the circumcircle of ABC, Suppose the perpendicu- 
lars from A to BiCi, and from B to AiCj, to intersect at N. 
Since the sides of the angle ANB are perpendicular to the sides 
of the angle A^C^Bi^ therefore is ANB equal to 180 — AiCiBi, 
But the angle AiCiBi equals angle ACB. Therefore is ANB 
equal to 180 — ACB, or N is on the circumcircle of triangle 
ABC, 



J 
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19. N has the same position with respect to ABCi as M 
has with respect to AiBiCi\ that is, angle NAB equals 
angle ByAiM, Since NA is perpendicular to -IfCj, therefore 
angle NAB equals angle BiCiM-^ but angle BiCiM equals angle 
BiAiM, since the points are concyclic. Therefore the points 
are similarly situated. 

20. Suppose AX drawn isogonal conjugate to AN\ that is, 
angle NAB = angle XAC. We have seen (19) that NAB is 
equal to MAiBi, which is equal to BiKM, or angle NAB equals 
BiKM= XAC, Now as B^K is parallel to AC, therefore MK 
must be parallel to XA, or the line which is isogonal conjugate 
to AN runs parallel to Brocard's diameter. 

In like manner we may show that B Y, the isogonal conju- 
gate to BNf and CZ, the isogonal conjugate to CN, are also 
parallel to Brocard's diameter. Since the lines isogonal conju- 
gate to AN, BNy CN, are all parallel to Brocard's diameter, it 
easily follows that N is isogonal conjugate to a point at infinity 
in the direction of Brocard's diameter (3). Thus N will also 
be on the hyperbola isogonal conjugate to Brocard's diameter 
with respect to the triangle. 

2L Let Z* be the point isogonal conjugate to Z, the centre 
of Brocard's circle (Fig. 15). It can be proved that Z' is on 
the line joining H with S. The points A, B, C, E, H, S', Z\ JV, 
are isogonal conjugate to the points P., P^, P^, K, M, S, Z, and 
the point at infinity on Brocard's diameter respectively. The 
points A, B, Cj E, JET, S', Z\ and N, are therefore on the hyper- 
bola isogonal conjugate to Brocard's diameter with respect to 
the triangle. Before proceeding to examine this hyperbola, 
we shall give a few properties of the equilateral hyperbola. 

22. (1) Any chord of an equilateral hyperbola appears the 
extremities of a diameter of the hyperbola either under the 
same (when the diameter without being produced meets 
the chord), or under supplementary angles (when the diameter 
must be produced to meet the chord). 
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Let AAi (Fig. 14, Plate 1) be a diameter and BC a chord of 
an equilateral hyperbola whose asymptotes are the lines a and 
Ui] then it is to be proved that the angle BAC equals the 
angle BAiC, Let AB meet the asymptotes a and ui at the 
points D and Di, and let AC meet them at E and Ei, and AiB 
at JP and Fi, Draw -46r parallel to AiB, then triangle /IM? is 
equal to triangle AiMF (since AM equals AiM and the angles 
are equal), therefore MF is equal to MO^ and AO equals AiF 
equals BF^ (since Ai and B are points on the hyperbola, and 
the intercepts of any chord between the curve and its asymp- 
totes are equal). But AG runs parallel to BF^, therefore 
ABFiG is a parallelogram, and AB equals GFj. But MF 
equals MG, and MFi is perpendicular to FG, hence FFi equals 
FiG, and angle FF^M equals angle MF^G, 

K BK be drawn perpendicular to the asymptote a, then 

^ FF^M^ ^ BFJ<:=z ^ JfFi6? = ^ AD^-B, 

and since ^ BF,K= ^ 5A^, 

and JB/f is perpendicular to FiA? therefore, 

BF, = 5Z>i = ^Z> = AG, 

In the same way, if AH be drawn parallel to AiC, it can be 
shown that AE equals AH. But AD was equal to AG. 

Therefore, ^ D^^ = ^ ^^G ; 

but ^ i)AE; = :^ 5^C, 

and ^HAG=:^BAiC] 

whence, ^ 5^0 = ^ ^^lO, 

and the proposition is proved. 

23. The bisectors of the angle and its adjacent sunple- 
mentary angle formed by the lines joining any point of an 
equilateral hyperbola with the extremities of a diameter of 
the hyperbola are parallel to the asymptotes. 

Let B (Fig. 14) be a point of the hyperbola, and A and Ai 
the extremities of a diameter ; it is to be proved that the bisec- 
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tor of the angle ABAi is parallel to oc], and the bisector of the 
adjacent supplementary angle AyBDi is parallel to a. 

The sides of the angles FF^O and FBA are parallel, and 
therefore the angles are equal. The bisector of the angle 
FFiG is the asymptote a^ therefore the bisector of angle FBA 
will be parallel to a^, and the bisector of its supplementary 
adjacent angle F^BDi will be parallel to the perpendicular to 
this line ; that is, it will be parallel to the asymptote a. 

24. The angles which the sides of Brocard's triangle form 
with the respective homologous sides of the given triangle 
are equal to the angles which Brocard's diameter forms with 
the radii of the circumcircle drawn to the vertices of the 
given triangle. 

We are to prove that 

{BC, BiC) = ^ AMK, 
(AC, AiCi) = ^ BMK, 
(AB, AjB^) = ^ CMK. 

Let the point of intersection of AM and Brocard's circle be 
denoted by A" (Fig. 15) ; then it is to be proved that 

(BC, B,G,) = ^ A^'MK 

Angle AMMj, equals ^ p, and angle A^MM^ equals ^ y (since 
AiM is perpendicular to AC) ; therefore, 

^AMM^ --:^AiMMj, = ^AMAi = :^ ^"Jlf4i = ^ )8 - ^ y. 

But ^ A^'MAy = ^ AyB^A'\ 

and therefore, '^ AyB^A^^=i ^ j8 - ^ y. 
Again, ^ A'^B^d = i^ AyB^C^ - ^ AA^l" 

= :^)8-(^/j-^y)=:^y=:^^,CA; 

that is, :f A"BiCi = ^ AyC^B^ 

and ^ -4"ACi = :^ A^'A.C^ 

hence ^ A^C^By^ = ^ A'A^Ci ; 

whence the line A^'A^ is parallel to BC. The angle formed 
by A^Ai and A^K (or ^ A'^AiK) is therefore equal to the 
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angle formed by BC and BiCi. But since Ai and M are on 
Brocard's circle, 

or ^ A'^MK = ^ (BC, B^Ci). 

A similar course of reasoning will establish the truth as re- 
gards the other angles. 



The line joining the orthocentre // with Tarry's point 
-^Tis a diameter of the equilateral hyperbola isogonal conjugate 
to Brocard's diameter with respect to the triangle ABC. 

It has been proved that any chord of an equilateral hyper- 
bola appears the extremities of a diameter of the hyperbola 
under equal or supplementary angles (22). Suppose -^jET is 
a diameter of the hyperbola isogonal conjugate to Brocard's 
diameter with respect to the triangle ABC (Fig. 15) ; then 
must the chords AB, AC, BC, DA, etc., appear as well N as JET 
under the same or under supplementary angles. We shall 
prove in the two following statements : 

(1) :^AHC=1^0-^ANC, 

(2) ^ ^jETD = 180 - ^ AZV2). 

From Fig. 15 we see 

-^.AHC =im -\1(.HAC -^-^HCAY, 
but ^ HAC = 90 - ^ y (i.e. ^ C of triangle ABC), 

and ^HCA= 90 -^a; 

hence ^^4JErC= 180 - j90 - :^y + 90 - ^a{ 

= ^y + ^a = 180-^/8. 
Also :^ANC=^ABC=:^p, 
therefore ^ AHC = 180 - :^ ANC 

Now, H, D\ and N are on the same straight line. For, draw 
through Z>' a line parallel to HA, and let this parallel intersect 
Alf at the point W\ then A, ir\ D\ and M are concyclic. 
This may be proved as follows : D'lr is parallel to AH^ and 
since AH is perpendicular to BC, therefore I^H^^ is also* per- 
pendicular to BC Since NIP' is perpendicular to B^C^^ by 
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construction, it follows, therefore, that NII"D' is an angle 
equal to the angle formed by BC and -BjCi, which was equal to 
the angle AMK, 

^ AH^'U = 180 - ^ Nff'U = 180 - ^ AMK] 

and since K is on MD^j therefore angle A IT' J)* equals 180 — 
^AMD'; or, the points A, IT", !>', and M are cxjncyclic, and 

:^d'E''m=:^majD\ 

Since M and H, and D and 1/ are isogonal conjugate 
points, therefore will the angle MAD' equal angle HAD. 
But ^ MAD' was equal to ^ MH"D\ hence :^ iJ^Z? equals 
^ Jtfff '2)'. Since D'if " is parallel to HA, MD' is parallel to 
DH, ^ AHD equals 2(: WD'M, and the points iV, 3f, Z>, and N, 
Wj A, are coUinear. Therefore the triangles ADH and H'MU 
are similar and similarly situated, the centre of similitude being 
N, The line joining the two corresponding vertices U and jETof 
the triangles ADH and WMD' must pass through the centre 
of similitude, N, Therefore the points H, D\ and N are 
collinear. 

26. To prove that ^ ^5I> = 180 - ^ AZVZ>. Angle .^JT'iy 
is equal to 180 - :^ AMK, 

therefore ^ WAM + ^ H'D'M = 180. 

In the triangle ANM, NM equals AM, being equal radii, 
hence ^ ff'AM = ^ NAM = ^ ANM, 

and thus ^ANM +^^^9 = 180. 

Since N, M, and D are collinear (25) therefore, 

-^ANM =^AND, 
and ^^iVTD 4- ^ ^i^Z) = 180, 

or ^AHD =180^:^ AND. 

D is therefore a point on the hyperbola, the diameter of which 
is NH. The centre of the hyperbola is the middle point W 
of NH. The centre of the hyperbola is a point on Feuerbach's 
circle of the triangle ABC. 

We know that the centre, F, of Feuerbach's circle is the 
middle point of the line joining the centre of the circumcircle 
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of the triangle, and the orthocentre. F is the middle point ol 
HM, and IF is the middle point of i^, therefore FWis equal 
to one-half of MN, or one-half the radius of the circumcircle. 
W is, therefore, on Feuerbach's circle. 

27. Let the asymptotes of the hyperbola be « and «„ they 
are then chords TTm, and Wm, of Feuerbach's circle m ana 
nn being the extremities of a diameter of Feuerbach s circle 
parallel to DH. Since 2> and H are points on the hyperbol^ 
therefore wUl the line joining the middle point UoiHJJ ana 
the centre of the hyperbola bisect all chords parallel to JiiJ, 
and will pass through the centre of Feuerbach's circle. But 
since the intercepts of a chord between the hyperbola aiid its 
asymptotes are equal, therefore UUr equals UU^ K th^o^g^ 
the centre of Feuerbach's circle is drawn a P^^f^*^ ;^ 
until it intersects the asymptotes in m, and m^ then ^^ ««! J^ 
mn^ It is easy to see that m, and m, are *« e^^'^"^;*^*^ °* * 
dk^eter of Feuerbach's circle. Since IT is tiie <^^^ ^^^^ 
hyperbola and at the same time on Feuerbach's c^f «' '"f'^^ 
a'^^^cant line through the centre of Feuerbach's circle, ^d the 
angle m, TTm, equals a right angle, therefore -> ^^ m« ^^^^^ 
the extremities of a diameter, and m, and m, are on Feuerbacn 

"7n order to understand tiie relations oit^^js^V^^,^^ 
will be necessary to examine some properties of the triangle, 
especially those of Simson's line. 



SIMSON'S LINE. 



2a If from a point P (Fig. 9), on the circumcircle of the 
tri^gle i^G. PF\,PP^ and PP. be drawn perpendicular to 
SeXective sides of the triangle, tiien the points P„ P^ P> 

are on the same straigm lui , proved as 

P with respect to the triangle ABC. ims may oe pi 
Z' witn respe „ , p p then these lines form one straight 
follows : Join ii-fj ana /'s^j, '••«'" , dd /^ „„a t>t> n 

,• v^r. imn PC and PA, and since angles PP^C and PJ^xO 
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BAPO and PP^PiC are quadrilaterals inscribed in a circle, 
opposite angles are supplementary, and 

^ PAB + ^ PCB = 180°, 

:^ PP^Pi + ^ PCPi = 180° ; 
whence ^ PP^Pi = :^ P^B. 

Also ^ P^P = ^ PjPjP, 

since each is inscribed in the same sequent of the circle. 

But ^ P^^AP 4- ^PAB = 180°, 

therefore ^ P^P^P + ^ PAB = 180°. 

That is, ^PsP^ and i^PPjPi, 

are supplementary adjacent angles, and the points Pj, P» Pg 
are collinear. 

29. If PPi is produced until it intersects the circle about 
the triangle NBC, at the point U, then -^CT'is parallel to Sim- 
son's line belonging to P. The points P, Pj, Pj, and C are con- 
cyclic, and therefore the angle PiPC equals angle PiPjC But 
angle PiPjC equals angle UACy since the arc AU is common to 
both angles, and ^PiP^C = ^ UAC. If two angles are equal 
and have a pair of sides in coincidence, then the other sides 
must also either coincide or be parallel. Hence AU is parallel 
to PjPjPa, or to Simson's line. 

30. Let AT he 3, line isogonal conjugate to AP, then Sim- 
son's line belonging to P is perpendicular to AT-, and the 
Simson line for T is perpendicular to AP, 

We have seen (29) that UA is parallel to P1P2P8 and that 

^ BAT = :^ PAC = :2f PUC 
also ^BAV = ^BGU', 

by addition 

^BAT-^-^BAU^-^PUC-^t^BCU. 
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Since ^ PUC + ^ ECU = 90^ 

therefore :fBAT+^BAU=Wi 

or the line AT is perpendicular to AU, and hence also perpen- 
dicular to Simson's line PiP^g* 

31. The Simson lines belonging to the extremities of a 
diameter of the circumcircle are perpendicular to each other. 

If P and Q, Fig. 9, are the extremities of a diameter, then 
angle PUQ equals 90° equals PPiB, and therefore UQ is par- 
allel to EC, Draw QT perpendicular to EC, then PT is paral- 
lel to EC, and arc ^T is equal to arc PC, and, consequently, 
^ TAB = X PAC. But by a previous proposition (29), the 
Simson line for Q is parallel to AT-, and AT ia perpendicular 
to Simson's line belonging to P, or the two Simson lines be- 
longing to the extremities of the diameter PQ are perpendicu- 
lar to each other. 

32. Let P and Q be the points of intersection of Brocard's 
diameter produced to meet the circumcircle of the triangle 
ABC] then they will be the extremities of a diameter of the 
circumcircle itself. 

AP and AQ are perpendicular to each other, and therefore 
their isogonal conjugates will also be perpendicular to each 
other. As we have seen (3), the isogonal conjugates to AP 
and AQ determine the directions of the points at infinity, or 
the directions of the asymptotes of the hyperbola isogonal 
conjugate to Brocard's diameter with respect to the triangle. 
Since the Simson line belonging to P, Fig. 9, is perpendicular 
to AT, the isogonal conjugate to AP, and the Simson line to 
Q is perpendicular to AP, the isogonal conjugate to AQ (30) ', 
and also the Simson lines belonging to the extremities of a 
diameter are perpendicular to each other (31), therefore the 
asymptotes of the hyperbola will be parallel to the Simson 
lines for P and Q. Subsequently we shall prove that the 
asymptotes of the hyperbola isogonal conjugate to Brocard's 
diameter are not only parallel to the Simson lines belonging 
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to the extremities of the prolonged Brocard's diameter on the 
circumcircle, but that they coincide with them. 

33. The orthocentre and the median point of a triangle are 
respectively the external and internal centres of similitude of 
the circumcircle and of Feuerbach's circle of the triangle. 

In order to find the centres of similitude of the circumcircle 
and of Feuerbach's circle of a triangle, we must draw parallel 
radii in both circles. The line joining the extremities of the 
radii drawn parallel in the same or in the opposite direction 
will intersect the line joining the centres of the circles in the 
external or the internal centre of similitude. 

Let YY*, Fig. 10, be parallel to MX, then must XT pass 
through H, and XF' through E, The radius of Feuerbach's 
circle is equal to one-half of the radius of the circumcircle 
(26); that is, FY equals \MX. By construction, FT is 
parallel to JfX, and FM equals ^ MH. Therefore, 

MX:FY=MH:FH, 

or X, F, and H are on the same straight line. 

34. If J^ is the median point, then ME equals 2 EF. This 
is easily established. 

Since MF=\MH, 

and ME^\MH, 

therefore MF-ME = EF= ^MH -^ \MH=^\MH, 
and ME:EF=i MH: \MH=2 : 1, 

or ME = 2EF, 

Hence in the triangles MEX and EY'F, 
MX : FY' = ME : EF, 
or X, E, and F' are collinear. 

35. The circumcircle and Feuerbach's circle of a triangle 
divide any line drawn from the orthocentre in the ratio 2 : 1. 

For, HX : HY= MH : HF; 

but since MH : HF= 2:1, 

therefore HX : HY= 2 : 1. 
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The same will be the case with any line drawn from H to 
the circumcircle of ABC. 

36. The Simson line for P, on the circumcircle of ABC with 
respect to triangle ABC, bisects the line joining P with the 
orthocentre of ABC. 

Let HP (Fig. 11, Plate 3) cut the Simson line at 2> ; we are 
to prove that D is a point on Feuerbach's circle. 

(Indirect Proof.) Suppose D is the middle point of HP, or, 
what is the same thing, i> is a point on Feuerbach's circle ; then 
we have only to prove that the line joining D with the foot of 
the perpendicular from P to BC, t.e. DPi, is Simson's line. 

Since AG and PPi are perpendicular to BC, and HD = DP, 
the triangle GDPi is isosceles. Let E be the middle point of 
AH\ draw DE. Then DE equals \AP. The points E, G, 
and D are on Feuerbach's circle ; A, P, and C are on the 
circumcircle. Since ED equals ^AP, and the radius of 
Feuerbach's circle equals one-half the radius of the circumcircle, 
the angle EGD inscribed in Feuerbach's circle will be equal to 
the angle ACP inscribed in the circumcircle of ABC 

We have then, ^ EGD = ^ ACP. 

^ EGD = ^ DPyP. 

Therefore, ^ DP^P = ^ ACP. 

Let the intersection of DPi and AC be P,. Then 

-^DP^P^^ACP^ ^ PJOP, 

or the points Pi, Pj, P, and C are concyclic ; therefore, 

-^ PP^C = ^ PP^C = 90°. 

The point P, is therefore the foot of the perpendicular from 
P to AC\ i.e. PjPi is Simson's line. 

Note. — The point D is called the centre of Simson^s line. 

37. The point of intersection of Simson's lines belonging to 
the extremities of a diameter of the circumcircle of a triangle 
is on the circumference of Feuerbach's circle for that triangle. 

Let W (Fig. 12, Plate 3) be the point of intersection of QH 
and Simson's line for Q, and let D be the point of intersection 
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of HP and the Simson line for P; then W and D are middle 
points of QH and PH respectively, and W and D are on 
Feuerbach's circle. WD is parallel to and equal to one-half 
of PQ, and will bisect all lines drawn from H to PQ, and 
therefore WD will bisect MU at the centre of Feuerbach's 
circle, F, Hence WD becomes a diameter of Feuerbach's 
circle, and since angle WZD between the Simson lines is equal 
to a right angle (31), therefore Z is on the circumference of 
the circle about WD as a diameter ; that is, Feuerbach's circle. 

Note. — This point Z is called the vertex of either Simson line. We 
see then that Feuerbach^s circle intersects a Simson line in its centre and 
vertex (36). 

We see then that the asymptotes of the equilateral hyperbola 
isogonal conjugate to Brocard's diameter must coincide with 
Simson's lines belonging to the points in which Brocard's diam- 
eter intersects the circumcircle of triangle ABC (32). 

38. In connection with the properties of Simson's line 
already given, we shall examine some important relations, 
which shall hereafter be made use of in the chapter on Higher 
Plane Curves, 

39. If P, Fig. 13, be joined with H\ H", and H'", the 
points of intersection of the altitudes upon the sides produced 
to meet the circumcircle, and if the points of intersection of 
of PH', PH", and PH"* with the three sides be respectively 
Uy V, W\ then the points U, V, W, together with the ortho- 
centre H, are coUinear, and UVW is parallel to the Simson 
line to P. 

Proof. 

^ WHH, = ^ WH"'H, (since Feuerbach's circle bisects HH'" 
at //.). 

But ^ WH'"H, = ^PH"C = ^PBC (being in same segment). 

Again, ^ UHH, = ^ UH'H^=^PH'A =^^PBA] hence, by 
addition, 

^ WHH, 4-:^ UHH^=^PBG^- ^ P^^l = ^ABC. 
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Adding ^H^HH„ to both sides, we have, 

= ^180^ 

Therefore, W, H, and U are collinear ; and in like manner it 
may be shown that W, H, and Fare collinear. 

40. If PP% is produced to meet the line UVW at X, then 
PX is parallel to HH*\ since both are perpendicular to AC. 
The portion IT^Hj, equals the portion Hj,H (35), since Feuer- 
bach's circle bisects any line from the orthocentre ; therefore, 
PP^ = PjX 

Also, ^P2XF=^P,PF=^^,ir'F=^PCPi; and the 
figure IT'PCB being an inscribed quadrilateral, the points 
Pj, Pj, Gy and P are concyclic, and 

^ PP,Ps or ^ P,XV= POP, = ^ ff,WV. 

Wherefore, the line WUV is parallel to Simson's line for P. 

4L All straight lines drawn from P to WUV are bisected 
by the Simson line for P. Hence, as a special case, PH is 
bisected. This is a simpler proof of the same theorem given 
some pages back (36). 

We shall call D, the point in which the Simson line is inter- 
sected by the line joining P and the orthocentre, H, the centre 
of Simson's line (36). 

42. The angle between two Simson's lines belonging to two 
points P and P on the circumcircle of ABC, is equal to the 
inscribed angle upon the arc between P and P' on the circle 
about ABC, and also to the angle in Feuerbach's circle upon 
the arc between the centres of the Simson lines. 

Let the line joining P' to IT (Fig 13) intersect BC at U\ 
then HIT is parallel to the Simson line belonging to P'. Since 
HU=irU, also Hir = H'ir, and UZT is common, hence 
AHirU^AH'irU, and ^ UHir=^ UWIT^^PITPK But 
since IIU and HIT are parallel to the Simson lines for P and 



THE HYPERBOLA. 25 

P*, the angle between these Simson lines is equal to the angle 
between PIT and riT or = ^ PITP', 

We have already shown that H is the centre of similitude 
of the circumcircle of ABC, and the Feuerbach circle (33) ; 
therefore P* and D\ P and D, IT and -ET,, are corresponding 
points in the circles. It follows that H^D, IPP, H^D\ and 
H'P are corresponding lines, and ^ DH^D' = ^ PirP\ or the 
inscribed angle in Feiierbach's circle upon the arc between the 
centres of the Simson lines, is equal to the angle between 
the Simson lines. 

We have seen that the Simson lines corresponding to the 
extremities of a diameter are perpendicular to each other, and 
they intersect on the circumference of Feuerbach's circle 
(31, 37). This point of intersection of both lines and the cir- 
cle we have called the vertex of either Simson line (37, N.). 
Feuerbach's circle, therefore, passes through both vertex and 
centre of the Simson line (37, N.). 

43. A side, BC, and its altitude in a triangle are the Sim- 
son lines corresponding to the extremities of the diameter 
AA (Fig. 16). 

For, since the feet of the perpendiculars from A to AB and 
AC coincide with A, and the foot of the perpendicular from A 
to BC is H^y therefore the Simson line for A is AH^. Again, 
the feet of the perpendiculars from A' to the sides AB, AC, 
BC of the triangle are B, C, and A'^, respectively ; hence BC is 
the Simson line for A\ 

44. If through an angular point ^ of a triangle ABC, Fig. 
16, the diameter of the circiuncircle be drawn to meet the cir- 
cle at A', then the line joining A' with the orthocentre H will 
bisect the side BC. 

This follows easily from known properties. For, the Simson 
line to JL' is BC (43), therefore BC must bisect A*H, and, as 
we have shown, this bisection is on Feuerbach's circle (36). 
But Feuerbach's circle cuts BC at two places only, that is at 
H^ and Jfcf,; hence it is obvious that A'H passes through M^, 
and the proposition is established. 
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45. Simson's lines corresponding to the extremities of a 
diameter are said to be conjugate. 

46. The points of intersection, E and F, Fig. 16, of a Simson 
line, with a pair of conjugate Simson lines, are equally distant 
from the centre T' on VS', and EF=2 TS. 

Let T'S' be the Simson line of a point on the circumcircle of 
ABC, and cutting the conjugate Simson lines DS and TS at E 
and Fy then ^ TED = ^ TSD, since the angle between two 
Simson lines equals the inscribed angle in Feuerbach's circle 
on the arc between the centres. Therefore the triangle ET8 
is isosceles, and ^ TES = ^ TSE, whence ET equals TS. 
Since ^^ASF=90^ :^TSF=:^TFS, and TS=TF; or 
ET = TF = TS, 

47. The arc between the vertices of two Simson lines (not 
conjugate) is twice as large as the arc between their centres. 
For ETS is an isosceles triangle, and 

^FTS=:^S'TS = 2 TSD, 

or the arcs measuring these angles are in the ratio of 1 : 2. 

4a If TE = TF= TS is less than the diameter of Feuer- 
bach's circle, or less than the radius of the circumcircle of 
triangle ABC, then a circle from T as centre and with TE as 
radius will cut Feuerbach's circle a second time, at /S"', and 
since TS'^ = TE = TF, S" will be the vertex of another pair 
of conjugate Simson's lines, which will pass through E and F, 
It is evident that there are always two pairs of conjugate Sim- 
son lines passing through E and F, 

49. If TS = TS'' diminishes, the points S and S" will 
approach the position of T, but from opposite directions. If 
TS = TS" becomes zero, then S, S", E, and F coincide with 
T. Then the angle between the vertices, or ^ STS" = 180°, 
whence the angle between the centres is 90® (47), or, the two 
Simson lines passing through T will be perpendicular to each 
other. These lines are TS' and a perpendicular to it at T, 
T being the common centre. 
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50. If TS becomes equal to the diameter of Feuerbach's 
circle, S and /S" will coincide at 8''\ and T'/S"'= TE= TF^r. 
In this case we have only one pair of conjugate Simson lines, 
S'^'L and S'^'V. 

Since one pair of Simson lines (conjugate) intersect on 
Feuerbach's circle, therefore T'/S'" =TL=^ TV will not be- 
come greater than the diameter of Feuerbach's circle, and 
therefore no Simson line will intersect LV beyond the points 
L and U\ and through all points between LL\ two pairs of 
conjugate Simson lines may be drawn, except for the cases 
where S and /S" coincide with either 2" or /S"'. We shall call 
the points L and U the limiting points, and /S"'Zr and /S"'i' the 
limiting Simpson lines with respect to VSK Also the limiting 
points T and T will be referred to as the points of contact of 
the limiting Simson lines. 

We have now a method for the construction of any number of 
conjugate Simson lines, if one Simson line corresponding to a 
point on the circumcircle of a triangle be given. If the Simson 
line TS' and Feuerbach's circle are given (Fig. 16), we have 
only to join any point S on the Feuerbach's circle to T and to 
take TE = TF = TS. Then SE and SF are a pair of con- 
jugate Simson lines. 

51. If two Simson lines SD and S"D" which are not con- 
jugate cut a third TS' at equal distances, E and F, from its 
centre T', then the line joining the point of intersection, IT, of 
SD and S"D" with S', the vertex of TS', is a Simson line 
conjugate to TS'. 

Let ES and FS" intersect at K, and ES" and FS intersect 
at N. Since the pairs of lines ES, FS and ^.S"', FS" are 
conjugate Simson lines, they are perpendicular to each other; 
or ES" and FS are altitudes in the triangle EKF. Therefore, 
KN is the third altitude, and we may prove S' to be the foot 
of this altitude on EF. 

Feuerbach's circle of the triangle ABC passing through the 
feet S and S" of the two altitudes, and through the middle 
point T of one side of the triangle EKF, must be also Feuer- 
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bach's circle of the triangle EKF, and therefore the second 
intersection of Feuerbach's circle with the side EF must be 
the foot of the altitude to EF^ or KS\ Hence S^ is the foot 
of the altitude KN. But, as we have seen before (43), any 
side and its altitude is a pair of conjugate Simson lines, and 
since EF is a Simson line of a point on the circumcircle of 
ABC J with respect to the triangle, KN is the Simson line con- 
Jugate to EF. 

52. Any triangle like EKF formed by three Simson lines, 
the altitudes of which are Simson lines conjugate to the sides, 
and having Feuerbach's circle in common with the triangle 
ABCy we shall call Simson^s TViangle. 

53. Since Feuerbach's circle is common to both triangles 
ABC and EKF, the radius of Feuerbach's circle is one-half 
the radius of the circumcircle of either triangle ; therefore the 
radius of the circumcircle of any Simson triangle is equal to 
the radius of the circumcircle of the original triangle. 

54. The common vertex /S"" of the pair of limiting Simson 
lines belonging to T'S^ is on the same straight line as K, N, 
and/S''. 

For, since TS*" is a diameter of Feuerbach's circle, ^ TS'S"' 
= 90^ or S'S"' is perpendicular to EF^ therefore S'" is on the 
altitude to EF in the triangle EKF. 



The point of contact L and the vertex S'" of a limiting 
Simson line, with respect to TS', are equally distant from the 
centre of the line; or RL= i?5'". 

Let S"*L intersect Feuerbach's circle in i?, then ^ TRS^''= 
90°. But ^ X'iS""!/ = 90°, hence TR is parallel to L'S"\ and 
since VT = TL, RS^" = RL. In like manner it may be 
proved that R' is the middle point between L' and S"'. 
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2. THE ELLIPSE. 

56. The conic isogonal conjugate to Lemoine's line, with 
respect to the triangle, is an ellipse, called Steiner's ellipse, 
whose centre is the median point of the triangle. Lemoine's 
line is the polar to Grebe's point with respect to the circum- 
circle of the triangle. 

To the point Ay Fig. 17, as a pole with respect to the circum- 
circle of ABC belongs the polar AIP\ which is the tangent to 
the circle at A, To P., which is the point of intersection 
of the tangents drawn at B and (7, and at the same time a 
point on the Symmedian line through A, belongs the polar 
BC, The intersection of the two given polars is the pole of 
the line joining the two respective jwles of the given polars. 
Therefore E?\ is the pole to AP^j or to the Symmedian line 
through A, If E^^ is the point of intersection of the Sym- 
median AK and the circle about ABC, then K^'^IT^ is a tangent 
to the circle at the point IT^. Similarly, IT^ is the pole to 
the Symmedian BK^, and IT'^ is the pole to the Symmedian 
C/C The points ^'„ ^ », A'",, are the poles to the three 
straight lines AK^f BK^, CK^ and since these are concurrent, 
the point of concurrency being Grebe's point K, therefore the 
points JST'., ir\y and A^'^, will be collinear. This line is called 
Lemoine's line with respect to the triangle ABC AK^ and 
BK^ intersect in K, A, By IC^ and A^^ are concyclic ; but since 
AK^ and BIC^ intersect in K, therefore AfiTj and BIC^ will 
intersect at a point Q^ on the polar to iT, t.e. to Lemoine's 
line ; and CK passes through Q^. 

57. If the median line CM^ be produced, and 3f^'" be 
made equal to M^Ey then AICj, or AQ^ is isogonal conjugate 
to AE'^\ and BIC^ or BQ^ is isogonal conjugate to BE^\ 
Hence the intersection of AQ^ and BQ^ or Q^ is isogonal con- 
jugate to the intersection of AE^'^ and BE*^\ i.e, the point J5?'". 
This may be proved as follows : 

Since M^ is the middle point of AB, and M^'^^ = MJE, 
therefore AE"'BE is a parallelogram, and :f BAE'" = ^ ABC 



80 I80G0NAL CURVES. 

But since BM^ and BK^ are isogonal conjugates, therefore 
^ ABE = ^ KBG = ^ /r,B(7. But ^ JT^BC = ^ IT^AC, 
therefore ^ BAE'" = :^ CAIC^, and ^iTj or AQ, is isogonal 
conjugate to A E'^\ In the same way it can be proved that 
the ^ ABE"^=:^ CBK^, and BK^ or jBQ, is isogonal conjugate 
to BE^^\ Likewise, Q, is isogonal conjugate to E', and Qj 
to E'\ 

58L With respect to the triangle ABC, the ellipse isogonal 
conjugate to Lemoine's line, and passing through E\ E'\ E'", 
will also pass through the angular points A, B, and C of the 
triangle (2). The isogonal conjugate to BIT'^ is BA, and the 
isogonal conjugate to Cir'^ is CA; IC'^ is, therefore, a point 
isogonal conjugate to A. In the same way, we may show 
/iT J to be isogonal conjugate to B, and IC\ to (7. The ellipse 
will therefore pass through A, B, C, E\ E^\ and E'*\ Since 
EE'=AE, EE" = BE, and EE'*' = CE, the point ^wiU be 
the centre of the ellipse. 

59. One of the points of intersection of the ellipse and the 
circumcircle of the triangle is R, which is called Steiner's 
point. (See Fig. 15.) Since R is on the circumcircle of 
ABG, its isogonal conjugate point is at infinity ; and it is on 
Lemoine's line, as will now be proved. A line drawn through 
A, parallel to Lemoine's line, will be isogonal conjugate to 
AR. 

We shall first examine some properties of the point R, The 
lines drawn through the angular points of the triangle ABC 
parallel to the respective sides of Brocard's triangle, or, what 
is the same thing, perpendicular to AN, BN, and CN (18) 
{N being Tarry's point), intersect in one point R, which is 
called Steiner's point, and is on the circle about ABC 

60. Let the lines drawn at A perpendicular to ANy and at 
B perpendicular to BN, intersect at R. Since ^ NAR = 90°, 
and ^ NBR = 90°, the points A, N, B, R are concyclic, and 
12 must be on the circumcircle of ANBi and A, N, and B are 
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on the circumcircle of ABC, whence R is on circumcircle of 
ABC. Since ^NAR = W, NR is a diameter of this circle 
(^, 3f, and R are collinear), and ^ NCR = 90°, Le, the perpen- 
dicular to CN at (7 passes through R. We are now to prove 
that R is isogonal conjugate to the point at infinity in the 
direction of Lemoine's line. Since Lemoine's line is the polar 
to K, MK will be perpendicular to Lemoine's line. The ray 
drawn through A to the point at infinity on Lemoine's line is 
parallel to this line and is perpendicular to MK. 

Let this perpendicular cut the circumcircle of ABC at R' 
(Fig. 17), then ^ R^AB = ^ CAR, i.e. AR is isogonal conju- 
gate to AR', Since AR is parallel to the side BiCi of Brocard's 
triangle, the angle between AR and BC is the same as the 
angle between BiCi and BC. But the angle between BiCi and 
BC is equal to the angle AMK, which we may denote by 
^^ (24). The angle at the centre, M, over the arc AR,' = 2 <^., 
hence the inscribed angle over the arc AR' equals ^.. Let the 
point where AB. cuts the side BC of the triangle ABC be R^, 
then ^ AR^B = ^^. We have then 

^CAB^ = :^ CAR = ^AR,B-^ACB^4>^-y, 

in which y represents ^ (7 of triangle ABC. 

Arc i?'5 = arc AB — arc AB' = y — <^^ 

hence ^ R'AB = ^ CAB, or AB is isogonal conjugate to AR', 
or to the line parallel to Lemoine's line. In the same way it 
may be shown that BR is isogonal conjugate to BR", which is 
parallel to Lemoine's line through B ; and that CR is isogonal 
conjugate to CR"', which is parallel to Lemoine's line through 
C The point R is, therefore, the point isogonal conjugate to 
the point on Lemoine's line at infinity. 

61. If a circle and an ellipse intersect, the directions of the 
axes of the ellipse may be found by bisecting the angles 
between the common chords of the ellipse and the circle. 
Thus, as A, B, C, and R are points common to both circle and 
ellipse, the directions of the axes of the ellipse will be given 
by the two bisectors of the angles between the common chords 
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Alt and BC. Since AR is parallel to -BiC,, the line through 
the median point E and parallel to the bisector of the angle 
between BC and BiCi will be one of the axes ; and a line also 
through Ey and perpendicular to this, will be the other axis. 

62. The axes of the ellipse isogonal conjugate to Lemoine's 
line with respect to the triangle are parallel to the asymptotes 
of the hyperbola isogonal conjugate to Brocard's diameter. 
(37). This may be proved as follows : 

If upon the sides of the triangle ABC, Fig. 18, are con- 
structed similar isosceles triangles, BA^C, CB^A, and ACfB, 
then the triangles ABC and AJB^C2 have the same median point 
E, The proof is similar to that in the special case when the 
vertices of the similar isosceles triangles are the angular points 
of Brocard's triangle (10). Let A^ B^, and Cj be the vertices of 
these similar isosceles triangles constructed upon the sides of 
ABC, and let KA^, KB^ and KC^ meet the sides BC, AC, 
and AB respectively at A^ Bzp, and C^, then it can be proved 
that triangle A^B^^C^y is similar to triangle A^C^, the centre 
of similitude being K. If we erect a perpendicular at -4j^ to 
BC to meet Brocard's diameter at Q^, then, putting for AiM^ 
BiMj,, their equals, KK,, KK^ respectively, we have 

KK" A^K~Q^' 

Since the triangles A^C and B^C are similar, we have 

A^M^ ^ M,C^ a ^ A,M, 
B^M^ M^C b B,M,' 

A^M^ _ B^M^ _ B ^S, q^M 



or 



Therefore 
Similarly, we get 



A^M^ B^M^ B^K QJT 

A^^A^ B^^B^ 

Ai^lL B^^K 



B^^C^^Q^' 

or, triangles A^BjC^ and A^JB^C^^ are similar, and K is the 
centre of similitude. 
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From the equation ^ ' = j^^, it follows that JB^Qj is 

parallel to B^M, and since BJI£ is perpendicular to ACy there- 
fore B^^Qg is also perpendicular to AC, or the perpendicular at 
Bi^ to AC passes through Q^ Similarly, the perpendiculai' at 
Ciy to AB passes through Q,. If, now, Qj is caused to coin- 
cide with either Qs or Q^, the points of intersection of Bro- 
card's diameter and the circumcircle of the triangle ABC, then 
the triangle A^B^C^ will degenerate into the straight lines 
QsaQs&Qso aiicl QiaOttQ^cj which are the Simson lines belonging 
to Qg and Q4 with respect to the circimicircle of the triangle. 
The triangle A^^C^ will degenerate into the straight lines 
A^B^C^ and A^B^P^ which will be parallel to the Simson lines 
belonging to Q, and Q4; and they will pass through the median 
point Ey for the lines AJ^C^ and A^^C^ still have the median 
point E in common with ABC. Also, A^ B^ C^ and A^ B^ d 
are on the perpendiculars at the middle points of the respec- 
tive sides of the triangle ABC. Since the Simson lines to Q^ 
and Q4 correspond to the extremities of a diameter, they are 
perpendicular to each other, and therefore their parallels 
A^^Ci and -44B4C4 are also perpendicular to each other. 

Furthermore, Qsa^a = Qia^»y 

q^M. : M^K, = Q8.4, : A^K= A^M, : A^^ 
and Qia^a ' ^a^a = Q4«-^ ' A^K == A^^ : A4A1, 

or A^M^ : A^Ai = A^M^ : A^Ai, 

whence \M^Ai, A^A^] is an harmonic range, and^{^,-4„-48^} 
is an harmonic pencil. Since ^ A^EA^ = 90**, EA^ will bisect 
the angle AiEM^. 

63. Now, in two similar triangles the bisectors of the angles 
formed by any line in one triangle with the corresponding 
line in the other triangle are parallel to each other, hence the 
bisector of the angle formed by AiE and EM^, or the line AE, 
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i.e. the line A^B^O^ is parallel to the bisector of the angle 
formed by J5iCi and BC. But the bisector of the angle formed 
by BiCi and BC is parallel to one axis of the ellipse whose 
centre is at E, therefore the line A^B^Cs coincides with one 
axis, and A^4C4 coincides with the second axis of the ellipse. 
We have seen (62), however, that A^B^C^ and A^^C^ are par- 
allel to Simson's lines belonging to the extremities of Brocard's 
diameter, which are themselves parallel to the asymptotes 
of the equilateral hyperbola isogonal conjugate to Brocard's 
diameter; hence the axes of the ellipse isogonal conjugate 
to Lemoine's line are parallel to the asymptote of the equi- 
lateral hyperbola isogonal conjugate to Brocard's diameter. 

64. Before taking up other properties of the ellipse isogonal 
conjugate to Lemoine's line with respect to a triangle, we shall 
examine the properties of the fifth remarkable point and its 
relations to the other points in the triangle. 

65l It may be of interest to state at this point that O and 
O' (Fig. 15) are the foci of an ellipse inscribed in the triangle 
ABC. The points of contact of the sides with the inscribed 
ellipse are K^ K^, and K^ (the points of intersection of the 
Symmedian lines with the sides of the triangle). We know 
that the focal radii to the point of contact of a tangent to an 
ellipse form equal angles with the tangent. 

Since BK^_^ 

and BO^—=====^=j C0'= ^^ , (14) 

VaW + aV + W V^6M^"^?+W 

therefore = — = -— — *; 

00' V CKj 

and, as ^OBC:=^O^CB = S, therefore triangles OK^B and 
O'K^C are similar. This proves that ^OK^B=^0'K^C, 
and O and 0' are the foci, and K^ is the point of contact of 
the side BC with the inscribed ellipse. 
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66i The lines drawn from the vertices of a triangle to the 
points of contact of the three enscribed circles with the sides 
of the triangle are concurrent. 

Let 0«, Oj, and 0, (Fig. 19) be the points of contact of the 

inscribed circle with the respective sides of the triangle, and 

a> Q\y Q'o ^^ points of contact of the three escribed circles ; 

then 

CO, = BQ'^ CO^ = Aq\, AO, = JBQ'e, etc. 

(Any side of a triangle is divided by the points of contact of 
the inscribed and escribed circles into three parts, the two 
extreme parts of which are equal.) 

For, CO. = BQ'^ CO,=^AQ\', 

but 00. = CO,, hence BQ'. = AQ',. (1) 

Again, AO, = CQ\, AO, = BQ', ; 

but AO, = AO,, hence CQ', =BQ'^ (2) 

Also, BO. = CQ'., BO, = OQ', ; 

but BO, = BO,y hence (7Q'. = CQV (3) 

Multiplying these results, we have 

AQ\ . CQ', . B(2'. = AQ', . BQ*, • CQ'., 

and from Ceva's proposition it follows that AQ',, BQ*,, CQ'e9 
are concurrent. 

The point Q is called the fifth remarkable point, or Nagel's 
point of the triangle. 

67. The line joining an angular point of the triangle with 
the point of contact of the escribed circle belonging to the 
opposite side is parallel to the line joining the middle point of 
this side with the centre of the inscribed circle (Fig. 19). 

We are to prove that OM. is parallel to -4Q'.. The point 
A is the centre of similitude of the inscribed and escribed 
circles. Let 00,, produced, meet -4Q', at the point N, then 

AO':AO=0'Q',: 00„ 

and AO' : AO = O'Q', : ON, 

whence 00, = ON. 

Therefore 0,M, = M,Q'„ and 0^f, is pq-rallel to AQ',. 
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We shall now prove that AQ equals twice OM^ BQ equals 
twice OM^, and CQ equals twice OM^. Since OM^ is parallel 
to -4Q, and OM^ is parallel to BQ, and M^M^ is parallel to AB, 
therefore the triangles OM^M^ and AQB are similar, whence 

AQ : OM^ = AB : M.M^ = 2:1, 

or AQ equals twice OM^, 

68. The fifth remarkable point, the median point, and the 
centre of the inscribed circle of a triangle are collinear ; and 
the median point divides the distance between the £fth remark- 
able point and the centre of the inscribed circle in the ratio 
of 2 : 1. 

Join E with Q and 0; 

then AQ : 0M^ = 2 : 1, (67) 

and AE:EM. = 2:1; (10) 

also 03fa, ^s parallel to AQ, 

therefore ^ QAM^ = ^ EM^O. 

From this it follows that the triangles AQE and EOM^ are 
similar, therefore 

^OEM,= ^AEQ, 

and the points Q, E, are collinear. From the similar 
triangles A^, EOM^ it also follows that 

AE : AM^= QE : 0^ = 2 : 1, 

or QE = 2 OE, 

69. It is interesting to notice the analogy between Q, E, 0, 
and H, E, M, 

Since QE: EO = 2:1, 

and HE : EM= 2 : 1, 

H, Q, M, and are the angular points of a trapezoid, and the 
median point of the triangle is the point of intersection of 
the diagonals of this trapezoid. 
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70. The middle point P, of QO, is the centre of the circle 
inscribed in the triangle M^M^^M^, 

PO=iOQ, 

OE = \OQ, 

hence PO-OE = PE = ^ OQ, 

therefore OE: EP=2:1, 

But since AE : EM, = 2:1, (10) 

the triangle AEO is similar to the triangle M^EP, and ^0 is 
parallel to M^P, 

We know that M,M„ is parallel to -4(7, 
therefore ^ OAM^ = ^ PM,M„ 

and ^ 0AM, = ^ P^.JW;. 

But since ^ O^Jfcfj = ^ 0^3f„ 

therefore ^ PJlf.3f, = ^ PJIf.JIfj ; 

that is, the line PM, bisects the angle MJ^„My In like 
manner it may be proved that PM^ bisects angle M^M^M,, 
Hence P is the centre of the circle inscribed in the triangle 
M,M^,, 

71. The centre of Feuerbach's circle circumscribing MJd^M, 
is F. We notice that P is the middle point of OQ, and F is 
the middle point of HM\ and, indeed, the analogy between Q 
and H may be noticed throughout. F is on the line joining the 
middle point of -BO with the middle point of the upper portion 
of the altitude drawn to EC (36) ; and P is on the line joining 
the middle point of BC with the middle point of the upper 
part of -4Q'.. 

This last may be proved as follows : 

Let PM, (Fig. 19, Plate 3) meet ^Q at the point R ; then 
since PO equals PQ, and OM, is parallel to -4Q, the triangle 
POM, is equal to the triangle PQ/?, or OM, equals Q7?. But 
PM, is parallel to AO^ and OM, is parallel to the line ARy 
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therefore it follows that the figure AOM^R ia a paraUelogram 
and OM^ = AR. Then OM^ becomes equal to QR = ARy and 
R is the middle point of AQ, 

72. Let A\ B\ and C (Fig. 20) be the middle points of the 

arcs subtended by the sides BC, AC, and AB of the triangle 

ABCy and let A'M^ be produced to meet the circimiference a 

second time in A"'y and on this line, which is a diameter of the 

circle, take A" so that M^A" shall equal M^A'; then the figure 

AHA" A'" is a parallelogram, and AA^ is perpendicular to 

AA'". 

A"A'" = A'"M,-A"M,; 

but A"'M^ = r -h MM^y (r being the radius), 

and A"M^ = A'M, = r - MM^ ; 

hence ^"^'" = r -f MM^ - r -f Jlf3f^ = 2 MM^. 

But the upper part of the altitude drawn to any side is twice 
the length of perpendicular from the centre of the circum- 
circle to the same side of the triangle, 

therefore Aff = 2 MM^y and A" A'" = AH. 

A" A'" is also parallel to AHy since they are perpendicular to 
the same side BCy and the figure AHA"A'" is a parallelogram. 
In the same way it may be shown that BHB"B'" is a parallelo- 
gram, and that CHC'C^" is a parallelogram. 

The angle A"'AA' is a right angle, or A'"A is perpendicular 
to AA', But A'"A is parallel to A^H, and A"H is therefore 
perpendicular to AA\ Likewise B"H is perpendicular to BB', 
and C"H to CC\ 

73. Locate Q, the fifth remarkable point, and the points A"y 
-S", C", Q, and H are concyclic. This may be proved thus : 

^Q is parallel to and equal to twice OM^ (67). If on -40 
prolonged, OQ^ be made equal to AOy and Q^ be joined with 
Q, then the points Q^, M^, and Q are collinear, and M^Q^ equals 
M^Q] and since A"J\f^ equals M^A', figure A"QA'Q^ is a par- 
allelogram. QA" is parallel to A'Q^, or parallel to AA*. Since 
A A' is perpendicular to A"H, QA" is also perpendicular to 
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HA^K In a maimer analogous to this we may find that J5"Q 
is perpendicular to JETB", and (7"Q is perpendicular to HC^\ 
The length HQ is, therefore, the diameter of the circle passing 
through A'\ B'\ and (7". 

Since i^ AOC = ^ AOC + ^ ^CO, 

or ^^0(7'=^i^+^iC; 

and ^ 0^(7' = ^ OAB+:^BAC\ 

= ^OAB-\-^BGC 

therefore ^ AOC = ^ O^C", 

or OA = CO, and 5'^ = J5'0. 

JB'C'is, then, i)erpendicular to -40 at its middle point, or 
A^O is perpendicular to B^C\ By similar reasoning B^O may 
be shown to be perpendicular to A^C\ and CO to -4 '5'. The 
point is, therefore, the orthocentre of the triangle A'B'C. 

7^ HA*' is perpendicular to AO, and B'C is also perpen- 
dicular to AO] hence HA" is parallel to B'C, and JETB" is 
parallel to A'C\ Then the angle B"HA" is equal to the angle 
A'C'B'. But JJ and C are on the circumference of the same 

circle, and 

^B'HA"=:^B"C'A'\ 

or ^a=:^cp\ 

Likewise ^B'^^B", 

and ^^'=^^". 

The triangles A"B"C" and ^'J5'(7' are therefore similar. 

75. If M* is the centre of the circle about the triangle 
A"B"C", then WOMQ is a parallelogram. For the triangle 
MJd^M^ is similar to ABC\ and since Jf.O is parallel to CQ, 
JfjO parallel to 5Q, and -W^O parallel to CQ, therefore the 
corresponding point to Q in the triangle ABC is the point 
in the triangle MJd^M^ Hence O is the fifth remarkable 
point in triangle M^M^M^ 



40 I80G0NAL CURVES. 

The line joining H and Q in triangle ABC will be homolo- 
gous to the line OM in the triangle M^M^M^. In these tri- 
angles all homologous parts except the angles are in the ratio 
2 : 1, therefore HQ equals 2 OM. Since M^ is the middle point 
of HQ, therefore 0-Sf will be equal to JkfQ. But OMia paral- 
lei to M^Q, and therefore M'OMQ is a parallelogram. 

76. The perpendiculars from the angular points of ABC 
to the respective sides of A"B''C'' (Fig. 20) intersect in one 
point, R. 

Let R be the intersection of the perpendiculars from A and 
B to C"B" and A"C*' respectively. The perpendicular from C 
to A*'B" also passes through R. For, let y represent angle C 

of triangle ABC, :^^"O"J5" = 90-|, hence ^AUB will be 
either 90 - 1 or 90 4- 1> (in this case it is 90 4- 1 )• 

^AC'B = ^AC'B = 180 - y, 

hence C" is centre of the circle passing through A, R, and B, 
The perpendicular from C" to AR, or the line B"C", bisects 
AR; and the perpendicular from C" to B/?, or the line A'*C*', 
bisects BR. Hence A'^ is equally distant from B and Ry and 
also from B and (7. Similarly, B" is equally distant from R 
and (7. (7/? therefore must pass through R and be perpendicu- 
lar to A"B". 

77. The points of intersection of the corresponding sides 
of the triangles A^B^C and A'^B^C" are collinear, and the 
line joining these points is perpendicular to and bisects OR 
(Fig. 20). 

Let A'B' and A"B'* intersect at W. A'B' is perpendicular 
to and bisects CO, therefore every point on A'B' is equally 
distant from C and 0. Every point on A"B" is equally dis- 
tant from C and R. Hence TF, the intersection of A'B' and 
A"B"y is equally distant from C and R. Similarly, we find 
that U, the intersection of B'C and B"C", and F, the inter- 
section of A'C and A"C", are equally distant from and R; 
or WVU is a straight line perpendicular to and bisecting OR. 



THE ELLIPSE. 41 

78w If a distance equal to 2 r, the diameter of the inscribed 
circle of the triangle ABC, be laid off from the vertices on 
each of the altitudes of the triangle ABC, we obtain three 
points, A^ B^y C4, which are the vertices of a new triangle ; and 
this triangle is concyclic with triangle -4"J5"C7", and is similar 
to triangle ABC. 

In the triangles M^M^M^ and ABC any two corresponding 
lines are in the ratio 1:2. 0, which is the fifth remarkable 
point of triangle M^M^M^ corresponds to Q in the triangle 
ABC. OM^ is therefore equal to one-half AQ, and the per- 
pendicular 00a from to BC is one-half the perpendicular 
QN^ drawn from Q to the line through A parallel to the side 
BC. Also this perpendicular QN^ is equal to 2 r, the diameter 
of the inscribed circle of ABC. Since AA^ also equals 2r, 
QA^ is parallel to BC, or ^ AA^Q = ^ HA^Q = 90'' ; therefore 
A^ is on the circumcircle of HQ. The same is true of B^ and 
€4. The points A^ B^ C^ are then concyclic with A"B*'C^'. 

79. Since QA^ is parallel to BC, and QB^ is parallel to 
AC (78), ^A^QB, = ^ACB. But ^ A^QB, = ^ A,C,B^ 
and therefore = ACB. Similarly ^ A^B^C^ = ^ ABC, and 
^ B^Aid = ^ BAC. Triangle A^B^C^ is therefore similar to 
the triangle ABC. 

80. is the centre of the in-circle of 4^84(74 and at the 
same time the orthocentre of ^"J5"C"'. For, AA4 = 2r, and 
A"A' = '2MaA'', hence 

AA^ : A'A'' = r : M^'. 

The triangles AOO, and M^BA' are similar (:f0A0^ = 
^ M^BA' = i a), hence AO:A'B=OC: M^A'. But Oa = r, 

and^'B=-4'0; hence 

AO : J^'O = r : Jf.^', 
or ^0 : A'O = ^^ : ^'^". 

From the last proposition it follows that the triangles AAfi 
and A'A"0 are similar. 
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and AO:A'0 = AO:A"0. 

Likewise BO : B'O = B^O : B"0, 

and also CO : CO = 0^0 : CO. 

There is the same relation between the triangles A4B^C4 
(similar to ABC) and A"B"C" (similar to A'B'C^ with respect 
to the point 0, as between the triangles ^-BC and A^B^C^; that 
is, is the centre of the in-circle of A^B^C^, and at the same 
time the orthocentre of A"B'^C*^. 

BL A"B*^ is i)erpendiciilar to and bisects OC4 ; -4"G" is per- 
pendicular to and bisects OB4 ; and B"C" is perpendicular to 
and bisects 0-44. 

82. The distance of the centre of the inscribed circle from 
B (the intersection of perpendiculars from the angular points 
of the triangle ABC to the respective sides of A^*B"C^^ is 
equal to the diameter of the in-circle of triangle ABC. 

For A*'B" is perpendicular to OC4 and Ci?, and bisects them 
both. CROC4 is an isosceles trapezoid, and OR = CO4 ^2r. 

83. If Z be the middle point of OB, then LO equals r, and 
since WYU is perpendicular to OR at i, WVU becomes a 
tangent to the in-circle of ABC. The line WVU is also the 
radical axis, or the line of equal powers with respect to the 
circle about A"B"C"y and the centre of the in-circle of ABC 
is the limiting point of the coaxal system. Each point on 
A"B'\ and hence TF, is equally distant from and C^. But 
W is also equally distant from R and (7, therefore W is the 
centre of a circle passing through R, 0, C,, and (7. Triangles 
A4B4C4 and ABC are similar; is the centre of the in-circle; 
and W is the centre of the circumcircle of A^B^C^. The angle 
OC^J^T equals ^ (a — P). Angle OOCi, which is formed by the 
altitude from C and the bisector of the angle C, is also equal 
to i(a — P). OC4 is a chord, and angle OCCi is an angle 
inscribed in the circle passing through ROC^C) and since 
angle WC^O equals angle OCC4, M^C^ is a tangent at the point 
Cj to this circle. Hence M^C^ is perpendicular to WC^j or the 
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circles about A^B^C^ and ROC^C cut each other orthogonally. 
Similarly, circles from V and U, with radii equal to VB4 and 
UA4y will also pass through and cut the circle about -^^B^C* 
orthogonally. 

The line joining the centres W, F, and U, is, therefore, the 
radical axis of circle about A^^Ci with respect to point 0. 
The line joining the centres and JT must be perpendicular 
to WW. But OR was proved perpendicular to WW (77), 
therefore 3r, 0, and R are coUinear. 

84. The distance between Jf and R is equal to the radius 
of the circumcircle of ABC. 

Let the circle about A4B4C4, whose centre is JIT, intersect 
the circle about ROC4C, whose centre is TF, at the point X. 
Since these circles cut each other orthogonally, M^X will be 
perpendicular to W X, ot M^X is a tangent to circle whose 
centre is "FT, whence JifX^ = M'O • JIfR. We have, however, 
that M^X = IfQ = OM, hence 



ow = WO . Jir^ (1). 

OM is the distance between the centres of the inscribed and 
circumscribed circles of triangle ABC, and 0-3f* = cP = r* — 
2 rp, where r and p are the radii respectively of the circum- 
scribed and inscribed circles. 

Let the distance Jf i? be denoted by «, 

then JirO = a;-2p, 

and M'R' 3fO = 2p(x-'2p). 

Substituting in (1) above the values here given, we have 

r* — 2 rp = a;(aj — 2p), 
or r(r-2p)=x(x-2p). (2) 

From (2) it readily follows that r=x. 

8S. The perpendiculars from the vertices of the triangle 
A'B'C^ upon the respective sides of triangle A"B''C'^ intersect 
at Z on the circumcircle of ABC (Fig. 20). 

Let the perpendicular from A' to jB"(7" and from B' to 
A'^a* intersect in Z, then the angle A'ZB' = 180 - ^ ^"C'-B" 
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= 90 -h J y. And since ^ BVA' = 90 - ^ y, Z is on the same 
circumference as A'B'C. We have now to prove that the 
perpendicular from C to A"B" passes also through Z, or that 
the line joining Z with (7' is perpendicular to A"B". Let B^ 
be the point of intersection ZB' and A"C", and Og the point 
of intersection of ZC'ajidA"B"] then 

^ B'ZC = ^ 5'^'C" = ^ 5"-4"C", 

and ^ B^A'V'f, = 180 ~ ^ C'A"B" = 180 - ^ B'ZC\ 

Therefore Z, B'^, A", and Ca are concyclic. 

And since ^ ^"^'jZ = 90^ ^ A"CsZ also = 90^ The line 
ZC is, therefore, perpendicular to A"B", 

Again, QA" is perpendicular to B'C, and C"(7s is perpen- 
dicular to A"B'\ hence ^ C',^"© = ^ Z(7'J5', or ^B"^"Q = 
^ ZA'B'. The angle formed by ZA' and ^'^' is equal to the 
angle formed by Q-4" and A^'B"\ or in the similar triangles 
A'B'C and A"B"C", Z has the same relative position on the 
circumference of the circle about A'B^C with respect to the 
angular points of A'B'C, as has Q on the circumference of 
the circle about A"B"C" with respect to the angular points 
of A"B"C". 

86. We shall now prove that Jf, Q, and Z are collinear. 
The triangles A'BV and A"B"C" are similar, the point O 

being the orthocentre in both triangles (72). The lines join- 
ing three points in A'B'C form the same angles as the lines 
joining three corresponding points in A"B"C'. 

Therefore ^ OM'Q = ^ OMZ, 

But ^ OM'Q = ^ OMQ, 

hence ^ OMZ = i^ OMQ, 

and the three points, M, Q, and Z are on the same straight 
line. 

87. The perpendiculars from A to B4C4, from B to -44C4, 
and from C to -^4^4 intersect at T on the circumference of the 
circle about ABC. 
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The proof for this is similar to that for the point Z in 
the previous discussion. Now T on the circumcircle of ABC 
has the same relative position with respect to the angular 
points of ABC, as Q has on the circumcircle of A^B^Ci with 
respect to the angular points of A^4C4. HA^ is perpendicular 
to BC, and CT is perpendicular to AB, therefore 

^ B^AJI = ^ BCT =^ BAT. 
Also ^ QB,C, = ^ ZBC = ^ ZAC', 

and since AC is parallel to QB^ AZ is parallel to B^C^. In 
like manner we get BZ parallel to A^C^, and CZ parallel to 
A,B,. 

88. The isogonal conjugates to AZ, BZ, CZ, with respect 
to triangle ABC are perpendicular to the line joining the 
orthocentre H with the fifth remarkable point Q of AlBC. If 
through Z a parallel is drawn to AB to meet the circumcircle 
of ABC at Z*, then the arc AZ equals arc BZ\ being arcs 
between parallel chords. Therefore ^ ZCA = ^ Z^CB, and 
Z*C is isogonal conjugate to ZC 

^ C,HQ =^ CHQ =^ C,B,Q=:^ CBZ^^ CZ'Z, 
or ^CHq^-^CZ'Z', 

and since ZZ^ is perpendicular to CH, therefore Z^C must be 
perpendicular to HQ, The isogonal conjugates to ZA, ZB, 
and ZC are parallel to each other, and are all perpendicular to 
HQ, The Simson line to Z is perpendicular to the line 
isogonal conjugate to ZA, therefore it is parallel to HQ, and 
the Simson line to T must be perpendicular to HQ, 
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